Holomorphic quantization formula in singular reduction by Zhang, Weiping
ar
X
iv
:m
at
h/
98
11
05
7v
3 
 [m
ath
.D
G]
  1
7 N
ov
 19
98
Holomorphic quantization formula in singular
reduction
Weiping Zhang∗
Abstract
We show that the holomorphic Morse inequalities proved by Tian and
the author [TZ1, 2] are in effect equalities by refining the analytic argu-
ments in [TZ1, 2].
§0. Introduction and the statement of main results
Let (M,ω, J) be a compact Ka¨hler manifold with the Ka¨hler form ω and the
complex structure J . Let gTM denote the corresponding Ka¨hler metric. We make
the assumption that there exists a Hermitian line bundle L over M admitting a
Hermitian connection ∇L such that
√−1
2pi
(∇L)2 = ω. Then L admits a unique
holomorphic structure so that ∇L is the associated Hermitian holomorphic con-
nection. We call L the prequantum line bundle over M .
Next, suppose that (M,ω, J) admits a holomorphic Hamiltonian action of a
compact connected Lie group G with Lie algebra g. Let µ : M → g∗ be the
corresponding moment map. Then a formula due to Kostant [K] (cf. [TZ1,
(1.13)]) induces a natural g action on L. We make the assumption that this g
action can be lifted to a holomorphic G action on L. Then this G action preserves
∇L. After an integration if necessary, we also assume that this G action preserves
the Hermitian metric on L. Then for any integer p ≥ 0, the p-th Dolbeault
cohomology H0,p(M,L) is a G-representation. We denote its G-invariant part by
H0,p(M,L)G.
Now let a ∈ g∗ be a regular value of µ. Let Oa ⊂ g∗ be the coadjoint orbit of a.
For simplicity, we assume that G acts on µ−1(Oa) freely. Then the quotient space
MG,a = µ
−1(Oa)/G is smooth. Also, ω descends canonically to a symplectic form
ωG,a onMG,a so that one gets the Marsden-Weinstein reduction (MG,a, ωG,a). Fur-
thermore, the complex structure J descends canonically to a complex structure
JG,a on TMG,a so that (MG,a, ωG,a, JG,a) is again Ka¨hler. On the other hand, the
pair (L,∇L) also descends canonically to a Hermitian holomorphic line bundle
LG,a over M .
∗Partially supported by the NNSF, SEC of China and the Qiu Shi Foundation.
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One of the purposes of this paper is to present an analytic proof of the following
result.
Theorem 0.1. If µ−1(0) is not empty, then there exists an open neighborhood
O of 0 ∈ g∗ such that for any regular value a ∈ O of µ with µ−1(a) nonempty,
the following identity for Dolbeault cohomologies holds for any integer p ≥ 0,
dimH0,p(M,L)G = dimH0,p(MG,a, LG,a). (0.1)
In the case where a = 0 ∈ g∗ is a regular value of µ, (0.1) was proved by
Guillemin-Sternberg [GS] for p = 0, and recently for general p by Teleman [T] in
the algebraic situation, refining in this case the Morse type inequalities of Tian
and Zhang [TZ1, Theorem 0.4]. In this case, (0.1) has also been extended by Wu
[W] to cases where M is non-compact, when the Lie group G is Abelian.
While for the case where 0 ∈ g∗ is a singular value of µ, Theorem 0.1, of which
a more general version has been proved by Teleman [T, Sect. 5] in the algebraic
situation, refines the Morse type inequalities proved in [TZ2, Theorem 0.1].
In a recent preprint [Br], Braverman proposed an analytic proof of Teleman’s
result, in the regular reduction case, by extending the methods developed in [TZ1].
In particular, he pointed out that to get the equality (0.1) for the a = 0 case,
one needs to find a quasi-homomorphism between the Dolbeault complexes un-
der considerations which verifies certain specific properties. Braverman actually
constructed a quasi-homomorphism in his paper.
We combine the methods and results in [TZ1, 2] with Braverman’s idea, that
one needs to construct a suitable quasi-homomorphism, to prove Theorem 0.1.
However, the quasi-homomorphism we will construct is different from the one in
[Br], and ties closer to the methods in [TZ1]. We first prove an extension of (0.1),
when a = 0 is a regular value of µ, to the case where the prequantum line bundle
L can be replaced by some more general vector bundles. We then prove Theorem
0.1 by using the methods in [TZ2].
The above arguments also lead to the following extension to the non-Abelian
group action case of a result of Wu and Zhang [WZ, Corollary 4.8].
Theorem 0.2. If a ∈ g∗ is a regular value of µ and µ−1(a) 6= ∅, then for any
integer p ≥ 0, the following identity holds,
dimH0,p(M,C) = dimH0,p(MG,a,CG,a). (0.2)
This paper is organized as follows. In Section 1, we prove an extended holo-
morphic quantization formula, in the regular reduction case, to allow more general
coefficients. In Section 2, we prove Theorems 0.1 and 0.2.
§1. An extended holomorphic quantization formula
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In this section, we extend the holomorphic quantization formula in [T] to
allow more general coefficients. Our method is a combination of the method in
[TZ1, 2] with an idea of Braverman [Br] that one needs to construct a quasi-
homomorphism between the Dolbeault complexes under considerations.
This section is organized as follows. In a), we state the main result of this
section. In b), we recall the construction of an isometric embedding JT which
has been essential to the arguments in [TZ1, 2]. In c), we recall some results
in [TZ2] which include in particular Morse type inequalities valid for coefficients
more general than the prequantum line bundle L. In d), we construct the above
mentioned quasi-homomorphism. In e), we first prove an estimate verified by the
quasi-isomorphism constructed in d), which can be thought of as an analogue of
a result of Bismut and Lebeau [BL, (10.4)] in our situation. We then apply a
trick of Braverman [Br] to complete the proof of the main result stated in a).
a). An extended holomorphic quantization formula
In this section, we assume that 0 ∈ g∗ is a regular value of the moment map
µ with µ−1(0) 6= ∅ and, for simplicity, that G acts on µ−1(0) freely. To simplify
the notation, we will denote MG,0, ωG,0 etc. by MG, ωG, etc..
Let E be a G-equivariant Hermitian holomorphic vector bundle over M with
the Hermitian holomorphic connection denoted by ∇E . Then it induces canoni-
cally (cf. [TZ1]) a Hermitian holomorphic vector bundle EG over MG.
Let g (and thus g∗ also) be equipped with an AdG-invariant metric. Let
H = |µ|2 be the norm square of the moment map.
Let hi, 1 ≤ i ≤ dimG, be an orthonormal base of g∗. Let Vi, 1 ≤ i ≤ dimG,
be the dual base of hi, 1 ≤ i ≤ dimG. Then we can write µ as
µ =
dimG∑
i=1
µihi, (1.1)
with each µi a real function on M .
For any V ∈ g, set1
rEV = L
E
V −∇EV , (1.2)
where LEV denotes the infinitesimal action of V on E.
Assumption 1.1. At any critical point x ∈M of H, one has
√−1
dimG∑
i=1
µi(x)r
E
Vi
(x) ≥ 0. (1.3)
1We use the same notation V to denote the vector field it generates on M .
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The main result of this section can be stated as follows, where we still use the
superscript G to denote the G-invariant part.
Theorem 1.2. If E verifies Assumption 1.1, then the following identity for
Dolbeault cohomologies holds for any integer p ≥ 0,
dimH0,p(M,E)G = dimH0,p(MG, EG). (1.4)
Remark 1.3. Clearly, the prequantum line bundle L verifies the Assumption
1.1. Thus (1.4) holds for E = L and E = C. That is, it contains the Teleman
formula [T] and Theorem 0.2 in the case where a = 0 is a regular value of µ.
b). An embedding from Ω0,∗(MG, EG) into Ω
0,∗
G (M,E)
Let Ω0,∗(M,E) (resp. Ω0,∗(MG, EG)) denote the set of smooth sections of
∧0,∗(T ∗M) ⊗ E (resp. ∧0,∗(T ∗MG) ⊗ EG). We denote by Ω0,∗G (M,E) the G-
invariant part of Ω0,∗(M,E).
In this subsection, following [BL] and [TZ1], we construct explicitly, for any
T > 0, an isometric embedding JT : Ω
0,∗(MG, EG)→ Ω0,∗G (M,E).
As in [TZ1, Sect. 3b)], let U be a sufficiently small G-invariant open neigh-
borhood of µ−1(0) such that G acts on U freely. Then U/G is smooth and carries
a canonically induced metric gT (U/G) (cf. [TZ1, (3.8)]).
Let NG be the normal bundle to MG in U/G. We identify NG as the or-
thogonal completement of TMG in T (U/G), i.e., T (U/G)|MG = NG ⊕ TMG and
gT (U/G)|MG = gNG ⊕ gTMG, where gNG is the induced metric on NG.
If y ∈ MG, Z ∈ NG,y, let t ∈ R 7→ xt = expU/Gy (tZ) ∈ U/G be the geodesic
in U/G with x0 = y,
dxt
dt
|t=0 = Z. For ε > 0, set Bε = {Z ∈ NG; |Z| < ε}.
Since MG is compact, there exists ε0 > 0 such that for 0 < ε < ε0, the map
(y, Z) ∈ NG 7→ expU/Gy (Z) ∈ U/G is a diffeomorphism from Bε onto a tubular
neighborhood Uε of MG in U/G. From now on, we identify Bε with Uε and use
the notation (y, Z) instead of expU/Gy (Z). In particular, we identify y ∈MG with
(y, 0) ∈ NG.
Let dvNG be the volume form of the fibers in NG. Then dvMG(y)dvNG(Z) is a
natural volume form on the total space of NG. Let k(y, Z) be the smooth positive
function on Bε0 defined by dvU/G(y, Z) = k(y, Z)dvMG(y)dvNG(Z). The function
k has a positive lower bound on Bε0/2. Also, k(y) = 1.
Now consider the fibration G→ U pi→ U/G. Let h be the positive function on
U/G defined by h(x) =
√
vol(π−1(x)) for any x ∈ U/G.
If F is a G-invariant Hermitian vector bundle over U , then it induces canoni-
cally a Hermitian vector bundle FU/G over U/G such that π
∗FU/G = F . We denote
as in [TZ1, Sect. 3c)] by πFG : ΓG(F )→ Γ(FU/G) the canonical isomorphism which
maps a G-invariant section of F to the corresponding section of FU/G. We will
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usually omit the superscript F from πFG if there will be no confusion. If ∇F is a
G-invariant Hermitian connection on F , then it induces canonically a Hermitian
connection ∇FU/G on FU/G (cf. [TZ1, (3.9)]).
Now as in [BL, Sect. 8g)], for x = (y, Z) ∈ Uε0 , we identify EU/G,x (resp.
(∧0,∗(T ∗M))U/G,x) with EU/G,y (resp. (∧0,∗(T ∗M))U/G,y) by parallel transport
with respect to ∇EU/G (resp. ∇(∧0,∗(T ∗M))U/G , with ∇∧0,∗(T ∗M) the Hermitian holo-
morphic connection on ∧0,∗(T ∗M)) along the geodesic t 7→ (y, tZ). The induced
identification of (∧0,∗(T ∗M) ⊗ E)U/G,x with (∧0,∗(T ∗M) ⊗ E)U/G,y preserves the
the Z-grading of (∧0,∗(T ∗M)⊗ E)U/G and is G-equivariant.
Since 0 ∈ g∗ is a regular value of the moment map µ : M → g∗, one verifies
easily that µ−1(0) is a nondegenerate submanifold, in the sense of Bott, of H =
|µ|2. Let dµ : TM |µ−1(0) → g∗ denote the restriction of the differential of µ on
µ−1(0). Clearly, for any Z ∈ NG, π∗Z ∈ TM |µ−1(0) and |dµ(π∗Z)| depends only
on Z.
Take ε ∈ (0, ε0/2]. Let ρ : R→ [0, 1] be a smooth function such that ρ(a) = 1
if a ≤ 1/2, while ρ(a) = 0 if a ≥ 1. For Z ∈ NG, set ρε(Z) = ρ(|Z|/ε).
For T > 0, y ∈MG, set
αT (y) =
∫
NG,y
exp
(
−T |dµ(π∗Z)|2
)
ρ2ε(Z)dvNG(Z). (1.5)
Definition 1.4. For any T > 0, let JT : Ω
0,∗(MG, EG) → Ω0,∗G (M,E) be
defined by
JT : α 7→ π∗
(
k−1/2α−1/2T h
−1ρε(Z) exp
(
−T |dµ(π
∗Z)|2
2
)
α
)
. (1.6)
One verifies easily that JT is well-defined and that it is an isometry from
Ω0,∗(MG, EG) onto its image. In fact, although not explicitly written out, the
map JT has played an essential role in [TZ1, 2], in particular, in getting the
results in the following subsection.
c). Deformations of Dolbeault complexes and Morse type inequali-
ties
In the rest of this section, we assume that E verifies Assumption 1.1.
Let ∂
E
(resp. ∂
EG) be the Dolbeault operator acting on Ω0,∗(M,E) (resp.
Ω0,∗(MG, EG)).
Following Tian and Zhang [TZ1, (1.21)], for any T ∈ R, set
∂
E
T = e
−T |µ|2/2∂
E
eT |µ|
2/2 : Ω0,∗(M,E)→ Ω0,∗(M,E),
DET =
√
2
(
∂
E
T +
(
∂
E
T
)∗)
. (1.7)
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Set h˜ = h|MG. Following [TZ1, (3.54)], set
∂
EG
Q = h˜∂
EG h˜−1 : Ω0,∗(MG, EG)→ Ω0,∗(MG, EG),
DEGQ =
√
2
(
∂
EG
Q +
(
∂
EG
Q
)∗)
. (1.8)
By proceeding as in [TZ1, Sects. 2-4], one gets easily the following refinement
of [TZ1, Theorems 3.13 (ii) and 4.2].
Proposition 1.5. There exist c0 > 0, T0 > 0 such that there are no nonzero
eigenvalues of DEG,2Q in [0, c0], and that for any T ≥ T0, the number of eigenvalues
of DE,2T |Ω0,∗
G
(M,E) in [0, c0] equals to dim(kerD
EG
Q ).
From Proposition 1.5 and the Z-grading nature of the problem, one gets for
any integer p ≥ 0 the following Morse type inequalities proved in [TZ2, Theorem
2.1],
dimH0,p(M,E)G ≤ dimH0,p(MG, EG). (1.9)
d). A quasi-homomorphism r : (Ω0,∗G (M,E), ∂
E
T )→ (Ω0,∗(MG, EG), ∂EGQ )
In this subsection, we construct a quasi-homomorphism from (Ω0,∗G (M,E), ∂
E
T )
to (Ω0,∗(MG, EG), ∂
EG
Q ). Our quasi-homomorphism is different from the one con-
structed by Braverman in [Br].
Let i : µ−1(0) →֒ M denote the canonical isometric embedding.
One verifies easily that the induced Hermitian holomorphic bundle EG from
E is given by EG = (i
∗E)U/G with its Hermitian holomorphic connection given
by ∇(i∗E)U/G.
Let N = π∗NG be the normal bundle to µ−1(0) in M . Then one verifies that
JN is the vertical tangent vector bundle of the fibration G→ µ−1(0) pi→MG (cf.
[TZ1, Sect. 3]). Thus one has the canonical orthogonal splittings
TM |µ−1(0) = N ⊕ JN ⊕ π∗(TMG),
gTM |µ−1(0) = gN ⊕ gJN ⊕ π∗gTMG, (1.10)
with J preserves NJ = N ⊕ JN and WJ = π∗(TMG). Thus one has as in [TZ1,
(3.40)] the canonical identifications of Hermitian vector bundles
∧0,∗(T ∗M)|µ−1(0) = ∧0,∗(N∗J)⊗̂ ∧0,∗ (W ∗J ). (1.11)
Let q be the canonical orthogonal projection
q : ∧0,∗(N∗J )⊗̂ ∧0,∗ (W ∗J )⊗ i∗E → ∧0,∗(W ∗J )⊗ i∗E, (1.12)
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which acts as identity on ∧0,0(N∗J )⊗∧0,∗ (W ∗J )⊗ i∗E ≃ ∧0,∗(W ∗J )⊗ i∗E and maps
each ∧0,i(N∗J )⊗ ∧0,∗ (W ∗J )⊗ i∗E, i ≥ 1, to zero.
Proposition 1.6. The following identity holds,
πGqi
∗∂
E
= ∂
EGπGqi
∗ : Ω0,∗G (M,E)→ Ω0,∗(MG, EG). (1.13)
Proof. For any e ∈ TM , write its complexification as e = e1,0 + e1,0 with
e1,0 ∈ T (1,0)M , e0,1 ∈ T (0,1)M . Let c(e) be the Clifford action on ∧0,∗(T ∗M) ⊗ E
defined by
c(e) =
√
2
(
e1,0
∗ ∧ −ie0,1
)
, (1.14)
where e1,0
∗ ∈ T (0,1)∗M is the metric dual of e1,0. Then one verifies easily that
c(Je) = −√−2
(
e1,0
∗ ∧+ie0,1
)
. (1.15)
Let f1, · · · , fdimM be an orthonormal base of TM . Let ∇∧0,∗(T ∗M)⊗E be the
Hermitian holomorphic connection on ∧0,∗(T ∗M) ⊗ E. Then one verifies easily
that
∂
E
=
dimM∑
i=1
f 1,0i
∗ ∧ ∇∧0,∗(T ∗M)⊗Efi , (1.16)
by which one finds that if e1, · · · , edimMG is an orthonormal base of WJ , then
qi∗∂
E
=
dimMG∑
i=1
e1,0i
∗ ∧
(
i∗∇∧0,∗(T ∗M)⊗E(ei)
)
i∗. (1.17)
Now, let P (resp. P⊥) be the orthogonal projection from TM |µ−1(0) to NJ
(resp. WJ) with respect to the orthogonal splitting (1.10). Set
∇NJ = Pi∗∇TMP, ∇WJ = P⊥i∗∇TMP⊥, (1.18)
where ∇TM is the Levi-Civita connection of gTM , and
A = i∗∇TM −∇NJ −∇WJ . (1.19)
Then A and J commute with each other.
As in [TZ1, pp. 252], ∇NJ , ∇WJ induce canonically the Hermitian connec-
tions ∇∧0,∗(N∗J ), ∇∧0,∗(W ∗J ) on ∧0,∗(N∗J ), ∧0,∗(W ∗J ). Let 0∇(∧
0,∗(T ∗M)⊗E)|µ−1(0) denote
the tensor product connection of ∇∧0,∗(N∗J ), ∇∧0,∗(W ∗J ) and i∗∇E. Then by [TZ1,
(3.46)], one has that if edimMG+1, · · · , edimµ−1(0) is an orthonormal base of JN ,
then for any 1 ≤ i ≤ dimMG,
i∗∇∧0,∗(T ∗M)⊗E(ei) = 0∇(∧
0,∗(T ∗M)⊗E)|µ−1(0)
ei
7
+
1
2
dimMG∑
s=1
dimµ−1(0)∑
t=dimMG+1
(〈A(ei)es, et〉c(es)c(et) + 〈A(ei)es, Jet〉c(es)c(Jet)) . (1.20)
Now one verifies directly that
πGq
dimMG∑
i=1
e1,0i
∗ ∧
(
0∇(∧
0,∗(T ∗M)⊗E)|µ−1(0)
ei
)
i∗ = ∂
EGπGqi
∗. (1.21)
On the other hand, by (1.14), (1.15) and the fact that A and J commute with
each other, one deduces that
1
2
dimMG∑
s=1
dimµ−1(0)∑
t=dimMG+1
(〈A(ei)es, et〉c(es)c(et) + 〈A(ei)es, Jet〉c(es)c(Jet))
=
1
2
dimMG∑
s=1
dimµ−1(0)∑
t=dimMG+1
(〈A(ei)es, et〉c(es)c(et) + 〈A(ei)es, et〉c(Jes)c(Jet))
= −2
dimMG∑
s=1
dimµ−1(0)∑
t=dimMG+1
〈A(ei)es, et〉
(
e1,0s
∗ ∧ ie0,1t + ie0,1s e
1,0
t
∗∧
)
. (1.22)
Lemma 1.7. For any dimMG + 1 ≤ t ≤ dim µ−1(0), one has,
dimMG∑
i=1
dimMG∑
s=1
〈A(ei)es, et〉e1,0i
∗ ∧ e1,0s
∗
= 0. (1.23)
Proof. By the fibration structure of G → µ−1(0) pi→ MG , one knows that
[ei, et]’s and [Jei, et]’s, with 1 ≤ i ≤ dimMG, dimMG + 1 ≤ t ≤ dimµ−1(0), are
lying in Γ(JN). Thus one has, since A and J commute with each other,
〈A(ei)es, et〉 = 〈∇eies, et〉 = −〈es,∇eiet〉 = −〈es,∇etei〉
= −〈Jes,∇etJei〉 = 〈A(Jei)Jes, et〉. (1.24)
By (1.24), (1.14) and (1.15), one deduces that
dimMG∑
i=1
dimMG∑
s=1
〈A(ei)es, et〉e1,0i
∗ ∧ e1,0s
∗
=
dimMG∑
i=1
dimMG∑
s=1
〈A(Jei)Jes, et〉(Jei)1,0∗ ∧ (Jes)1,0∗
= −
dimMG∑
i=1
dimMG∑
s=1
〈A(ei)es, et〉e1,0i
∗ ∧ e1,0s
∗
, (1.25)
from which (1.23) follows. ✷
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From (1.23) and (1.22), one finds that
q
dimMG∑
i=1
dimMG∑
s=1
dimµ−1(0)∑
t=dimMG+1
(
〈A(ei)es, et〉e1,0i
∗ ∧ c(es)c(et)
+ 〈A(ei)es, Jet〉e1,0i
∗ ∧ c(es)c(Jet)
)
i∗ = 0. (1.26)
From (1.17), (1.20), (1.21) and (1.26), one gets (1.13). ✷
Definition 1.8. Let r be the map defined by
r = h˜πGqi
∗ : Ω0,∗G (M,E)→ Ω0,∗(MG, EG). (1.27)
Theorem 1.9. For any T ∈ R, the map
r :
(
Ω0,∗G (M,E), ∂
E
T
)
→
(
Ω0,∗(MG, EG), ∂
EG
Q
)
(1.28)
is a quasi-homomorphism.
Proof. Let XH be the Hamiltonian vector field associated with H = |µ|2. By
(1.7) one deduces that
∂
E
T = ∂
E
+
√−1T
2
(XH)1,0
∗ ∧ . (1.29)
On the other hand, one verifies easily that
XH
∣∣∣
µ−1(0)
= 0. (1.30)
From (1.8), (1.13), (1.27), (1.29) and (1.30), one gets
r∂
E
T = ∂
EG
Q r : Ω
0,∗
G (M,E)→ Ω0,∗(MG, EG), (1.31)
from which Theorem 1.9 follows. ✷
e). Proof of Theorem 1.2
Recall that c0 > 0 and T0 > 0 have been fixed in Proposition 1.5. For any
T ≥ T0, let F [0,c0]G,T be the finite dimensional subspace of Ω0,∗G (M,E) generated by
the eigenspaces of those eigenvalues of DE,2T |Ω0,∗
G
(M,E) which lie in [0, c0]. Let PT
denote the orthogonal projection from Ω0,∗G (M,E) onto F
[0,c0]
G,T .
Let PQ denote the orthogonal projection from Ω
0,∗(MG, EG) to ker(D
EG
Q ).
We first prove the following analogue of [BL, (10.4)].
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Theorem 1.10. There exist ε > 0, C > 0, T1 > 0 such that for any T ≥ T1,
any σ ∈ ker(DEGQ ),
‖PQrPT√αTJTσ − σ‖0 ≤
C√
T
‖σ‖0. (1.32)
Proof. We choose T0 in Proposition 1.5 so that c0 is not an eigenvalue of
DE,2T |Ω0,∗
G
(M,E), T ≥ T0. Let δ be the circle of center 0 with radius
√
c0 in C. Then
one has the following analogue of [BL, (10.6)],
PTJTσ =
1
2π
√−1
∫
δ
(
λ−DET |Ω0,∗G (M,E)
)−1
JTσdλ. (1.33)
One can also show that, by proceeding as in [BL, Sect. 9] and [TZ1, 2], for T
large enough and λ ∈ δ, ‖(λ−DET |Ω0,∗G (M,E))
−1‖∞ is uniformly bounded.
The analogues of the above two facts in [BL, Proof of (10.4)] are all the ones
in [BL, Proof of (10.4)] which were proved by using [BL, Theorem 9.25]. The
point now is that here we need not an analogue of [BL, Theorem 9.25] to have
these two properties. Proposition 1.5 is enough for our purpose.
On the other hand, the analogue of [BL, (10.29)], which now reads
r
1
2π
√−1
∫
δ
π∗
(
h−1 exp
(
−|dµ(π
∗Z)|2
2
)
σ
λ
)
dλ = σ, (1.34)
clearly holds. One can then proceed as in [BL, Proof of (10.4)] to complete the
proof of Theorem 1.10. ✷
Proof of Theorem 1.2. We proceed as in [Br, Sect. 3].
First of all, from (1.32) one knows that
PT
√
αTJT : ker
(
DEGQ
)
→ F [0,c0]G,T (1.35)
is surjective when T is very large. Combining with Proposition 1.5, we see that
it is in fact an isomorphism.
Take α ∈ F [0,c0]G,T . Then ∂ETα ∈ F [0,c0]G,T . By the above discussion, there exists
β ∈ ker(DEGQ ) such that
∂
E
T α = PT
√
αTJTβ. (1.36)
From (1.36) and (1.31), one finds
PQrPT
√
αTJTβ = PQr∂
E
T α = PQ∂
EG
Q rα = 0. (1.37)
From (1.37) and (1.32), one finds
‖β‖0 ≤ C√
T
‖β‖0, (1.38)
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from which one sees that β = 0 as T is large enough.
Thus, when T is large enough, one has that
∂
E
T
∣∣∣
F
[0,c0]
G,T
= 0. (1.39)
From (1.39) and Proposition 1.5, one sees that when T is large enough,
dim ker
(
DET |Ω0,∗
G
(M,E)
)
= dimF
[0,c0]
G,T = dimker
(
DEGQ
)
. (1.40)
By (1.40) and (1.9), one completes the proof of Theorem 1.2. ✷
§2. Proof of Theorems 0.1 and 0.2
This section is organized as follows. In a), we apply Theorem 1.2 and a trick
in [TZ2] to prove Theorem 0.1. In b), we prove Theorem 0.2.
a). Proof of Theorem 0.1
We proceed as in [TZ2]. Take a ∈ g∗. Since the coadjoint orbit Oa admits a
canonical Ka¨hler form ωa and the holomorphical AdG action onOa is Hamiltonian
with the moment map given by the canonical embedding ia : Oa →֒ g∗ (cf. [MS,
Chap. 5]), the induced action of G on the Ka¨hler product (M ×Oa, ω × (−ωa))
is also Hamiltonian with the moment map µa : M ×Oa → g∗ given by
µa(x, b) = µ(x)− b. (2.1)
Set Ha = |µa|2. The following result has been proved in [TZ2].
Lemma 2.1. (Tian-Zhang [TZ2, Prop. 1.2]) There exists an open neighbor-
hood O of 0 ∈ g∗ such that if a ∈ O and (x, b) ∈ M × Oa is a critical point of
Ha, then the following inequality for the inner product on g∗ holds,
〈µ(x)− b, µ(x)〉 ≥ 0. (2.2)
Now let a ∈ O be a regular value of µ and, for simplicity, that G acts on
µ−1(a) freely. Then 0 ∈ g∗ is a regular value of µa. Furthermore, one has the
standard identification of the symplectic quotients
µ−1a (0)/G ≡ µ−1(Oa)/G = MG,a (2.3)
carrying the canonically induced Ka¨hler form ωG,a.
Recall that L is the holomorphic pre-quantum line bundle over M . Let π
denote the projection from M × Oa to its first factor M . Let L = π∗L be the
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pull-back holomorphic Hermitian line bundle over M × Oa, with the Hermitian
holomorphic connection denoted by ∇L. Then the G action on L lifts canonically
to a holomorphic G-action on L. In particular, for any V ∈ g, its infinitesimal
action on L is, via the Kostant formula [K] (cf. [TZ1, (1.13)]) for the g-action on
L, given by
LLV = ∇LV − 2π
√−1〈µπ, V 〉, (2.4)
from which one has, in using the notation in (1.2), that
rLVi = −2π
√−1µi(x) (2.5)
at any point (x, b) ∈ M × Oa. By (2.1), (2.5) and Lemma 2.1, one verifies that
at any critical point (x, b) ∈ M ×Oa of Ha,
dimG∑
i=1
√−1µa,i(x, b)rLVi(x, b) = 2π〈µ(x)− b, µ(x)〉 ≥ 0. (2.6)
On the other hand, one verifies directly that the induced line bundle LG over
µ−1a (0)/G is exactly the line bundle LG,a over MG,a = µ
−1(Oa)/G.
One can then apply Theorem 1.2 to M ×Oa, µa and L to get
dimH0,p(M ×Oa,L)G = dimH0,p(MG,a, LG,a) (2.7)
for any integer p ≥ 0.
Furthermore, by the definition of L, one verifies directly that
dimH0,p(M ×Oa,L)G =
∑
i+j=p
dimH0,i(M,L)G · dimH0,j(Oa,C)G
= dimH0,p(M,L)G, (2.8)
with the last equality follows from the easy facts that
dimH0,0(Oa,C) = dimH0,0(Oa,C)G = 1,
dimH0,j(Oa,C) = 0 for j ≥ 1. (2.9)
(0.1) follows from (2.7) and (2.8). ✷
b). Proof of theorem 0.2
The main observation is that, in using the notation in (1.2), one has
rCV ≡ 0 (2.10)
for any V ∈ g. Thus C verifies the conditions of Theorem 1.2. Furthermore,
(2.10) plays roles for C similar to what Lemma 2.1 plays for L in a). And one
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sees that to proceed the arguments in a) for C, one no longer needs to assume
that a is close to 0 in g∗. That is, one can show that for any regular value a ∈ g∗
of µ,
dimH0,p(M,C)G = dimH0,p(MG,a,CG,a). (2.11)
On the other hand, since G is connected, one verifies easily that
dimH0,p(M,C) = dimH0,p(M,C)G. (2.12)
By (2.11) and (2.12), the proof of Theorem 0.2 is completed. ✷
Remark 2.2. Using the arguments in this paper, one can also show that the
‘weighted’ Morse type inequalities proved in [TZ3] are in effect equalities.
Acknowledgements. We are indebted to Youliang Tian in an obvious way for
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